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A CRITERION FOR NORMALITY OF ANALYTIC MAPPINGS
MARIJAN MARKOVIC´
ABSTRACT. In this paper we give some new generalizations and improvements of the
Pavlovic´ result on the characterization of the Bloch space of continuously differentiable
functions in the unit ball in. We give a Holland–Walsh type theorem for normal mappings.
1. INTRODUCTION
At the eighties Holland andWalsh [4] published an interesting result on characterisation
of analytic Bloch function in the unit disc which includes the expression
|f(z)−f(w)|
|z−w| mul-
tiplied with an appropriate weight function depending on both variables. More precisely,
they obtained that an analytic function f(z) belongs to the Bloch space in the unit discU,
i.e., (1− |z|2)f ′(z) is bounded in z ∈ U if and only if the expression
√
1− |z|2
√
1− |w|2
|f(z)− f(w)|
|z − w|
is bounded in z ∈ U and w ∈ U for z 6= w.
More recently the same characterisation is given for analytic Bloch functions in the unit
ball of Cm by Ren and Tu [7]. After that Ren and Ka¨hler [8] proved this characterisation
for harmonic functions in the unit ball ofRm. In 2008, Pavlovic´ [6] proved that even con-
tinuously differentiable Bloch functions obey the same characterisation. Actually Pavlovic´
proved more given in the following proposition.
Proposition 1.1 (Cf. [6]). A continuously differentiable complex-valued function f(ζ) in
the unit ballBm is a Bloch function, i.e.,
sup
x∈Bm
(1− |x|2)‖Df(x)‖
is finite, if and only if the following quantity if finite:
sup
x, y∈Bm, x 6=y
√
1− |x|2
√
1− |y|2
|f(x)− f(y)|
|x− y|
.
Moreover, these numbers are equal.
For an analytic function f we have ‖Df(z)‖ = |f
′(z)| (if we consider f as a mapping
from R into R2), therefore from the Pavlovic´ result we can recover the characterization
of analytic functions in the Bloch space in the unit disc obtained by Holland and Walsh in
their paper [4] as Theorem 3, as well as the Ren and Tu results.
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Therefore, by the above proposition, for a continuously differentiable (complex–valued)
function f in the unit ball in Rm with differentialDf its Bloch semi–norm given by
‖f‖b = sup{(1− |x|
2)‖Df (x)‖ : |x| < 1}.
Pavlovic´ proved that the Bloch number of a continuously differentiable function f may be
expressed in the following differential–free way
‖f‖b = sup
{√
1− |x|2
√
1− |y|2
|f(x)− f(y)|
|x− y|
: x 6= y, |x| < 1, |y| < 1
}
.
Our aim here is to obtain a characterisation result similar as in Proposition 1.1 of con-
tinuously differentiable mappings that satisfy a certain growth condition so we can include
the normal mappings beside Bloch mappings. Based on the results of this paper, we have
the next characterisation of Bloch and normal analytic functions in the unit disc. It is well
known that an analytic function in the unit disc is normal if and only if it satisfies the
growth conditions 11+|f(z)|2 |f
′(z)| ≤ C 11−|z|2 in the unit disc.
Proposition 1.2. An analytic function f : U→ C is Bloch, if and only if√
1− |z|2
√
1− |w|2
|f(z)− f(w)|
|z − w|
is bounded as a function of two variables z ∈ U and w ∈ U for z 6= w.
It is normal if and only if√
1− |z|2
√
1− |w|2√
1 + |f(z)|2
√
1 + |f(w)|2
|f(z)− f(w)|
|z − w|
is bounded as a function of two variables z ∈ U and w ∈ U for z 6= w.
2. THE MAIN LEMMA
2.1. Preliminaries. We consider the spaceRm equipped with the standard norm | · |. We
denote byBm the unit ball inRm.
Let D ⊆ Rm be a domain. For a differentiable mapping f : D → Rn, denote by
Df(x) its differential at x ∈ D, and by
‖Df(x)‖ = sup
ℓ∈∂Bm
|Df (x)ℓ|
the norm of the linear operatorDf (x) : R
m → Rn. The class of all continuously differ-
entiable mappings f : D → D˜ is denoted by C1(D, D˜).
The weight function is an everywhere positive and continuous function in a domain of
R
m. If ω is a weight function in a domain D ⊆ Rm, the ω-distance between x ∈ D and
y ∈ D is
dω(x, y) = inf
γ
∫
γ
ω(z)|dz|,
where γ ⊆ D is taken among all all piecewise C1-curves connecting x and y.
Particularly, if we pick ω(x) = 11−|x|2 for x ∈ B
m, we have the hyperbolic distance in
the unit ball. For the hyperbolic distance between x ∈ Bm and y ∈ Bm we will use the
notation dh(x, y). If ω(x) =
1
1+|x|2 for x ∈ R
m, we have the spherical distance. For the
spherical distance between x ∈ Rm and y ∈ Rm we will use the notation ds(x, y). For
the hyperbolic distance in the unit ballBm we have
dh(x, y) = asinh
|x− y|√
1− |x|2
√
1− |y2
for x ∈ Bm and y ∈ Bm.
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For the spherical distance inRm we have
ds(x, y) =
|x− y|√
1 + |x|2
√
1 + |y2
for x ∈ Rm and y ∈ Rm.
2.2. The Bloch type growth condition. Let ω and ω˜ be weight functions in domains
D ⊆ Rm and D˜ ⊆ Rn, respectively. We will consider mappings f ∈ C1(D, D˜) which
satisfy the growth condition of the following type
ω˜(f(x))‖Df(x)‖ ≤Mω(x), x ∈ D,
whereM is a constant. For the such type mappings introduce the following quantity
Bf = sup
x∈D
ω˜(f(x))
ω(x)
‖Df (x)‖,
which will be called the Bloch number of the mapping f .
We denote by Bω,ω˜ the class of all mappings f ∈ C
1(D, D˜) for which the Bloch number
Bf is finite. If ω˜ = 1 and D˜ = R
n then Bf has the semi–norm properties, and Bω,ω˜ has
the linear space structure.
2.3. The Lipshitz type growth condition. The aim of this section is to obtain a differential–
free description of the class Bω,ω˜ and the differential–free expression for the Bloch number
of a mapping. In order to do that, we consider mappings f ∈ C1(D, D˜) which satisfy the
growth condition of the following type
|f(x)− f(y)| ≤Mf (x, y)|x − y|
for a positive functionMf(x, y).
For given weight functions ω inD, and ω˜ in D˜, and a mapping f : C1(D, D˜) introduce
an everywhere positive functionΩf inD×D such that it satisfies the following conditions:
for every x ∈ D and y ∈ D, there holds
Ωf (x, y) = Ωf (y, x), Ωf (x, x) =
ω˜(f(x))
ω(x)
, lim inf
z→x
Ωf (x, z) ≥ Ω(x, x),
and
Ωf (x, y)
|f(x)− f(y)|
|x− y|
≤
dω˜(f(x), f(y))
dω(x, y)
for x 6= y.
We say that Ωf is an admissible function for a mapping f with respect to the given weight
functions ω and ω˜. Note that if Ωf is not symmetric, but satisfies all other conditions stated
above, we can replace it by the symmetric function
Ω˜f (x, y) = max{Ωf (x, y),Ωf (y, x)}.
This new function will be admissible for the same mapping, as it is easy to check.
Let us moreover note that if we set ω˜ ≡ 1 in the domain Ω˜, then the distance dω˜ is
equal to the standard Euclidean metric in the domain Ω˜. In this case the fourth condition
of admissibility is independent of a mapping f , and it reduces on finding an universal
admissible functionΩ(x, y) which satisfies the simplified condition
Ω(x, y)dω(x, y) ≤ |x− y|.
Of course, the admissible function need not unique, and one may pose the existence
question. Below we solve the existence question in the general settings.
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Remark 2.1. If a mapping f : D → D˜ is given, one admissible function for f is
Ωf (x, y) =


ω˜(f(x))
ω(x) , if x = y;
dω˜(f(x),f(y))/|f(x)−f(y)|
dω(x,y)/|x−y| , if x 6= y and f(x) 6= f(y);
ω˜(f(x))
dω(x,y)/|x−y| , if x 6= y and f(x) = f(y).
Indeed, all we have to prove is that lim infy→xΩf (x, y) ≥ Ω(x, x) =
ω˜(f(x))
ω(x) . But, this
follows, since for x 6= y and f(x) 6= f(y) we have
Ωf (x, y) =
dω˜(f(x), f(y))/|f(x) − f(y)|
dω(x, y)/|x − y|
≥
min{ω˜(f(x)), ω˜(f(y))}
min{ω(x), ω(y)}
.
Therefore
lim inf
y→x
Ωf (x, y) ≥ lim
y→x
min{ω˜(f(x)), ω˜(f(y))}
min{ω(x), ω(y)}
=
ω˜(f(x))
ω(x)
.
Introduce now the following quantity
Lf := sup
x 6=y
Ωf (x, y)
|f(x) − f(y)|
|x− y|
(x ∈ D, y ∈ D),
where Ωf is any admissible for the mapping f with respect to ω and ω˜. We call it the
Lipschitz number of f . The main lemma stated below says that the Lipschitz number
does not depend on the choice of an admissible function (therefore the definition of Lf is
correct).
The class of all mappings f ∈ C1(D, D˜) for which Lipschitz number Lf is finite is
denoted by Lω,ω˜. If ω˜ = 1 and D˜ = R
n then Lf also has the semi–norm properties, and
Lω,ω˜ is the linear space.
2.3.1. A Holland–Walsh type theorem in a general settings. Here we prove a main lemma
which connects the Bloch and Lipshitz number of a C1 mappings between Euclidean do-
mains. Our main lemma is Lemma 2.2, and it shows that for any continuously differen-
tiable mapping f : D → D˜ satisfies
Bf = Lf .
As a consequence we have that the Lipschitz number is independent of the choice of the
admissible function Ωf , and the Bloch number may be expressed in the ”differential” free
way
Bf = sup
x 6=y
Ωf (x, y)
|f(x) − f(y)|
|x− y|
,
where Ωf is any admissible function for f .
As an another consequence we have the coincidence of the two classes of mappings in
C1(D, D˜), i.e., Bω,ω˜ = Lω,ω˜. Thus, the Bloch class Bω,ω˜ may be described as{
f ∈ C1(D, D˜) : sup
x 6=y
Ωf (x, y)
|f(x) − f(y)|
|x− y|
is finite for an admissible Ωf
}
.
All stated above follows from the content of the following lemma.
Lemma 2.2. Let (D, dω) and (D˜, dω˜) be domains inR
m andRn with distances dω and dω˜
generated by the weight functions ω and ω˜ in D and D˜, respectively. Let f ∈ C1(D, D˜),
and let Ωf be any admissible function for the mapping f with respect to ω and ω˜. If one
of the numbers Bf and Lf is finite, then both numbers are finite, and these numbers are
equal.
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Proof. For one direction, assume that the Lipschitz number of f ∈ C1(D, D˜), i.e., that the
quantity
Lf = sup
x 6=y
Ωf (x, y)
|f(x)− f(y)|
|x− y|
is finite, where Ωf is an admissible for f with respect to ω and ω˜. We are going to show
thatBf ≤ Lf , which implies that the Bloch numberBf must also be finite.
If we have in mind that
lim sup
y→x
|f(x)− f(y)|
|x− y|
= ‖Df (x)‖
for every x ∈ Ω, we obtain
Lf = sup
y 6=z
Ωf (y, z)
|f(y − f(z)|
|y − z|
≥ lim sup
z→x
Ωf (x, z)
|f(x) − f(z)|
|x− z|
≥ lim inf
z→x
Ωf (x, z) lim sup
z→x
|f(x)− f(z)|
|x− z|
≥ Ωf (x, x)‖Df (x)‖
=
ω˜(f(x))
ω(x)
‖Df(x)‖,
where we have used the known fact that
lim sup
y→x
A(y)B(y) ≥ lim inf
y→x
A(y) lim sup
y→x
B(y)
for non–negative functions A and B in an Euclidean domain.
It follows that
Lf ≥ sup
x∈D
ω˜(f(x))
ω(x)
‖Df (x)‖ = Bf ,
which we aimed to prove.
Assume now that the Bloch number Bf of a continuously differentiable mapping f :
D → D˜ is finite. We will prove the reverse inequality Lf ≤ Bf , which in particular
implies that the Lipschitz number Lf is also finite.
Let γ ⊆ D be any piecewise C1-curve connecting x ∈ Ω and y ∈ Ω, i.e., such that
γ(0) = x and γ(1) = y. Since f ∈ C1(D, D˜), the curve δ = f ◦ γ ⊆ Ω˜, which connects
f(x) and f(y), is also piecewise C1 in the domain D˜ and we have
dω˜(f(x), f(y)) ≤
∫ 1
0
ω˜(δ(t))|δ′(t)|dt =
∫ 1
0
ω˜(f ◦ γ(t))|Df (γ(t))γ
′(t)|dt
≤
∫ 1
0
ω˜(f ◦ γ(t))‖Df (γ(t))‖|γ
′(t)|dt ≤ Bf
∫ 1
0
ω(γ(t))|γ′(t)|dt
= Bfdω(x, y).
If we take now infimum over all curves γ we obtain
dω˜(f(x), f(y))
dω(x, y)
≤ Bf
for every x ∈ D and y ∈ D such that x 6= y. Applying now conditions posed on the
admissible function Ωf , we obtain
Ωf (x, y)
|f(x) − f(y)|
|x− y|
≤
dω˜(f(x), f(y))
dω(x, y)
≤ Bf .
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It follows that
Lf = sup
x 6=y
Ωf (x, y)
|f(x) − f(y)|
|x− y|
≤ Bf ,
which we wanted to prove. 
In view of Remark 2.1 we have the following corollary.
Corollary 2.3. Let (D, dω) and (D˜, dω˜) be domains inR
m andRn with distances dω and
dω˜ generated by the weight functions ω and ω˜ in D and D˜, respectively. Then f satisfies
the inequality
ω˜(f(x))df (ζ) ≤Mω(x),
whereM is a constant, if and only if there holds
dω˜(f(x), f(y)) ≤Mdω(x, y)
for the same constantM .
The result of the last corollary is proved for harmonic mappings of the unit disc into
itself by Colonna in [3], where it is also found that the constant C is always less or equal
to 4/π for such type of mappings. A variant of this corollary is obtain in [9] (see also
Theorem 1 there for analytic functions). A variant is also given in [5].
3. ON THE BLOCH AND NORMAL MAPPINGS IN THE UNIT DISC
3.1. On the Pavlovic´ result. The Pavlovic´ result may be derived from our main lemma.
Indeed, for the space (D, dω) we should take B
m with the hyperbolic metric, and for the
distance space (D˜, dω˜) we have to take the space R
n with the standard distance, i.e. let
ω(x) = 11−|x|2 for x ∈ BRm and ω˜ ≡ 1.
The functionΩ(x, y) =
√
1− |x|2
√
1− |y|2 satisfies the inequality
dh(x, y)Ω(x, y) ≤ |x− y|
for every x ∈ Bm and y ∈ Bm, and therefore it is admissible for any f ∈ C1(Bm,Rn)
which has the growth estimate (1− |x|2)‖Df (x)‖ ≤M . for a constantM .
Indeed, using the inequality asinh t ≤ t for t ≥ 0 (let φ(t) = asinh t − t; then we
have φ(0) = 0, and φ′(t) = 1√
1+t2
− 1 < 0 for t > 0, so the inequality follows since
φ(t) ≤ φ(0) = 0) proved above, one deduces the inequality which says that Ω(x, y) is
admissible
|x− y|
dh(x, y)
= |x− y| : asinh
|x− y|√
1− |x|2
√
1− |y|2
≥ |x− y| :
|x− y|√
1− |x|2
√
1− |y|2
=
√
1− |x|2
√
1− |y|2 = Ω(x, y)
for every x ∈ BRm and y ∈ BRm . The Pavlovic´ result in this case now follows.
We gave a proof of the Pavlovic´ result in our work [5].
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3.2. On the normal functions.
Theorem 3.1. A continuously differentiable mapping f : Bm → Rn satisfies the growth
condition
1
1− |x|2
‖Df(x)‖ ≤M
1
1 + |f(x)|2
(x ∈ Bm)
for a constantM , if and only if there holds
|f(x)− f(y)| ≤M |x− y|
√
1 + |f(x)|2
√
1 + |f(y)|2√
1− |x|2
√
1− |y|2
(x ∈ Bm, y ∈ Bm).
Proof. In our main lemma let us take for the domain D the unit ball Bm, and for the
domain D˜ the space Rn. Let moreover ω(x) = 11−|x|2 , for x ∈ B
m and ω˜(y) = 11+|y|2
for y ∈ Rn. As we have already said, that dω is the hyperbolic distance in the unit ball
B
m, and dω˜ is the spherical metric in R
n.
We will prove that
Ωf (x, y) =
√
1− |x|2
√
1− |y|2√
1 + |f(x)|2
√
1 + |f(y)|2
is an admissible function for f with respect to the hyperbolic and spherical weights.
First note that
Ωf (x, x) =
1− |x|2
1 + |f(x)|2
=
1
1 + |f(x)|2
:
1
1− |x|2
for x ∈ Bm.
Since Ωf (x, y) is symmetric and continuous, we have only to prove that Ωf (x, y) sat-
isfies the inequality
Ωf (x, y)
|f(x) − f(y)|
|x− y|
≤
ds(f(x), f(y))
dh(x, y)
for x ∈ Bm and y ∈ Bm.
Having in mind the inequality asinh ≤ t for t ≥ 0, we obtain
ds(f(x), f(y))
dh(x, y)
=
|f(x)− f(y)|√
1 + |f(x)|2
√
1 + |f(y)|2
: asinh
|x− y|√
1− |x|2
√
1− |y|2
≥
|f(x)− f(y)|√
1 + |f(x)|2
√
1 + |f(y)|2
:
|x− y|√
1− |x|2
√
1− |y|2
=
√
1− |x|2
√
1− |y|2√
1 + |f(x)|2
√
1 + |f(y)|2
|f(x)− f(y)|
|x− y|
= Ωf (x, y)
|f(x)− f(y)|
|x− y|
which we aimed to prove. 
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